We perform a detailed analysis for the dynamics of Chiral cosmology in a spatially flat Friedmann-Lemaître-Robertson-Walker universe with a mixed potential term. The stationary points are categorized in four families. Previous results in the literature are recovered while new phases in the cosmological evolution are found. From our analysis we find nine different cosmological solutions, the eight describe scaling solutions, where the one is that of a pressureless fluid, while only one de Sitter solution is recovered. 95.35.+d, 95.36.+x 
INTRODUCTION
A detailed analysis of the recent cosmological observations [1] [2] [3] [4] [5] [6] indicates that the universe has gone through acceleration phase during its evolution. In particular into a late-time acceleration phase which is attributed to dark matter, and to an early acceleration phase known as inflation. Inflation proposed four decades ago [7] in order to explain why in large scales the universe it appears isotropic and homogeneous. The inflationary era is described by a scalar field known as the inflaton which when dominates for a short time period drives the dynamics of the universe such that to explain the observations. Furthermore, scalar fields have been used to describe the recent acceleration epoch of the universe, that is, have been applied as a source of the dark energy [8] . In scalar field models the gravitational field equations remain of second-order with extra degrees of freedom as many as the scalar fields and corresponding conservation equations [9] [10] [11] . These extra degrees of freedom can attribute the geometrodynamical degrees of freedom provided by invariants in the modification of Einstein-Hilbert action in the context of modified/alternative theories of gravity [12] [13] [14] .
The simplest scalar field theory proposed in the literature is the quintessence model [8] . Quintessence is described by a minimally coupled scalar field φ (x κ ) with a potential function V (φ κ ). The scalar field satisfies the weak energy condition, i.e. ρ ≥ 0, ρ + p ≥ 0, where the strong energy conditions can be violated, since the equation of state parameter p Q = w Q ρ Q is bounded as |w Q | ≤ 1. For some power-law quintessence models, the field equations provide finite-time singularities during inflation leading to chaotic dynamics [15, 16] .
In the cosmological scenario of a Friedmann-Lemaître-Robertson-Walker universe (FLRW) exact and analytic solutions of the field equations for different potentials are presented in [17] [18] [19] [20] [21] [22] [23] and references therein. Results of similar analysis on the dynamics of quintessence models are summarized in the recent review [25] . Other scalar field models which have been proposed in the literature are: phantom fields, Galileon, scalar tensor, multi-scalar field models and others [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . Multi-scalar field models have been used to provide alternative models for the description of inflation [36] [37] [38] , such as hybrid inflation, double inflation, α-attractors [39] [40] [41] as also as alternative dark energy models.
Two multi-scalar field models which have draw the attention of cosmologists are, the quintom model and the Chiral model. A common feature of these two theories is that they consist two-scalar fields, namely φ (x κ ) and ψ (x κ ). For the quintom model, one of the two fields field is quintessence while the second scalar field is phantom which means that the energy density of the field can be negative. On of the main characteristic of quintom cosmology is that the parameter for the equation of state for the effective cosmological fluid can cross the phantom divide line more than once [42, 43] . The general dynamics of quintom cosmology are presented in [44] .
In Chiral theory, the two scalar fields interact necessarily in the kinetic term. Specifically, the two scalar fields are defined on a two-dimensional space of constant nonvanishing curvature [45, 46] . These models are inspired by the nonlinear non-linear sigma cosmological model [47] . Chiral cosmology is linked with the α−attractor models [41] . Some exact solutions and for specific case the dynamics of Chiral cosmology were studied in [48] . Analytic solutions in Chiral cosmology were found before in [50] , In the latter reference, it was found that pressureless fluid it is provided by the model, consequently, the model can also be seen as an alternative model for the description of the dark sector of the universe. Last but not least scaling attractors in Chiral theory were studied in [48, 49] .
In this work we are interesting on the evolution of the dynamics for the gravitational field equations of Chiral cosmology in a spatially flat FLRW background space. We consider a general scenario where an interaction term for the two scalar fields exists in the potential term V (φ, ψ) of the two fields, that is, V ,φψ = 0. Specifically, we determine the stationary points of the cosmological equations and we study the stability of these points. Each stationary point describes an solution in the cosmological evolution. Such an analysis it is important in order to understand the general behaviour of the model and to infer for its viability. This approach it has been applied in various gravitational theories with important results for the viability of specific theories of gravity, see for instance [61] [62] [63] [64] [65] [66] [67] [68] and references therein. The plan of the paper is as follows.
In Section 2 we present the model of our consideration which is that of Chiral cosmology in a spatially flat FLRW spacetime with a mixed potential term. We write the field equations which are of second-order. By using the energy density and pressure variables we observe that the interaction of the two fields it depends on the pressure term. In Section 3, we rewrite the field equations by using dimensionless variables in the H−normalization. We find an algebraic-differential dynamical system consists by one algebraic constraint and six first-order ordinary differential equations. We consider a specific form for the potential such that to reduce dynamical system the system by onedimension; and with the use of the constraint equation we end with a four-dimensional system.
The main results of this work are presented in Section 4. We find the stationary points of the field equations which they form four different families. The stationary points of family A are those of quintessence, in family B only the kinetic part of the second scalar field contributes in the cosmological solutions. On the other hand, the points of family C are those where only the dynamic part of the second field contributes. Furthermore, for the cosmological solutions at the points of family D all the components of the second field contributes in the cosmological fluid. For all the stationary points we determine the physical properties which describe the corresponding exact solutions, as also we determine the stability conditions. An application of this analysis is presented in Section 5 with some numerical results. Moreover, for completeness of our study we present an analytic solution of the field equations by using previous results of the literature, from where we can verify the main results of this work. Finally, in Section 7 we draw our conclusions.
CHIRAL COSMOLOGY
We consider the gravitational Action Integral to be
where Φ A = (φ (x µ ) , ψ (x µ )). The Action Integral (1) describes a two-scalar field cosmological model with interaction between the fields, in the potential V Φ C = V (φ, ψ) , and in the kinetic part, assuming that H AB Φ C is not a two-dimensional space of zero curvature, otherwise we can always new fields (φ, ψ) → φ ,ψ such that to eliminate the interaction in the kinetic part.
In this work we assume that H AB Φ C is diagonal and admits at least one isometry such that (1)
where M (φ) ,φ = 0 and M (φ) = M 0 φ 2 . In the latter two cases, H AB Φ C is a flat space and it is of Lorentzian signature the it describes the quintom model. Functional of forms of M (φ) where H AB Φ C is a maximally symmetric space of constant curvature R 0 , are given by the second-order differential equation
A solution of the latter equation is M (φ) = M 0 e κφ , which can be seen as the general case since new fields can be defined under coordinates transformations to rewrite the form of H AB Φ C . This is the case of Chiral model that we study in this work.
Variation with respect to the metric tensor of (1) provides the gravitational field equations
while variation with respect to the fields Φ A give the Klein-Gordon vector-equation
According to the cosmological principle, the universe in large scales is isotropic and homogeneous described by the spatially flat FLRW spacetime with line element
where a (t) denotes the scale factor and the Hubble function is defined as H (t) =ȧ a . For the line element (7) and the metric tensor H AB Φ C and of our consideration the field equations are written as follows
2Ḣ
and we have assumed that the fields φ, ψ inherits the symmetries of the FLRW space such that φ (x µ ) = φ (t) and ψ (x µ ) = ψ (t). At this point we remark that the field equations (8)-(10) can be produced by the variation principle of the point-like Lagrangian
while equation (7) can be seen as the Hamiltonian constraint of the time-independent Lagrangian (11) . An equivalent way to write the field equations (7), (8) is by defining the quantities
that is,
The latter equations give us an interesting observation, since we can write the interacting functions of the two fields. The interaction models, with interaction between dark matter and dark energy has been proposed as an potential mechanism to explain the cosmic coincidence problem and provide a varying cosmological constant. Some interaction models which studied before in the literature are [51] [52] [53] [54] [55] [56] while some cosmological constraints on interacting models can be found in [57] [58] [59] [60] .
DIMENSIONLESS VARIABLES
We consider the dimensionless variables in the H-normalization [24] 
where the field equations becomes
where
and functions Γ (λ) ,Γ (µ, λ) are defined as
while the constraint equation is
The equation of state parameter for the effective cosmological fluid is given in terms of the dimensionless parameters
while we define the variables
with equation of state parameters
At this point it is important to mention that since the two fields interact that it is not the unique definition of the physical variables Ω φ and Ω ψ , w φ and w ψ . Moreover, from the constraint equation (27) it follows that the stationary points are on the surface of a four-dimension unitary sphere, while the field equations remain invariant under the transformations {y, u} → (−y, −u), that is, the variables {x, y, z, u} take values in the following regions |x| ≤ 1 , |z| ≤ 1 , 0 ≤ y ≤ 1 and 0 ≤ u ≤ 1.
For arbitrary functions V (φ) , U (ψ) and M (φ), there are six dependent variables which consist the field equations, namely {x, y, z, u, λ, µ}, where in general κ = κ (λ), however the dimension of the system can be reduced by one, if we apply the constraint condition (27) .
In the following Section, we determine the stationary points for the cases where M (φ) = M 0 e κφ , V (φ) = V 0 e λφ , and U (ψ) = U 0 ψ 1 σ . Consequently, we calculate Γ (λ) = 1 andΓ (µ, λ) = 1 − σ and κ = const. Therefore, dλ dτ = 0 is satisfied identically and the dimension of the dynamical system is reduced by one. Therefore we end with the dynamical system (19)-(23) with constraint (27) .
DYNAMICAL BEHAVIOUR
The stationary points of the dynamical system have coordinates which vanish the rhs of equations (19)- (23) . We find four families of stationary points. Family A, are the points with coordinates (x A , y A , z A , u A , µ A ) = (x A , y A , 0, 0, 0) and correspond on the points of the minimally coupled scalar field cosmology [24] .
The points with coordinates (
and z B = 0 define the Family B of points. These points describe physical solutions without any contribution of the potential U (ψ) in the energy density of the total fluid source, but only when µ B = 0 there is not any contribution of potential U (ψ) in the dynamics. When µ B = 0, the stationary points are those found before in [48] .
Points of family C have coordinates (
, u C = 0 which describe exact solutions with no contribution of the kinetic part of the scalar fields ψ. Finally, the points of family D have coordinates of the form (
Family A
There are three stationary points which describe cosmological solutions without any contribution of the second field ψ. The points have coordinates [24] 
Points A ± 1 describe universes dominated by the kinetic part of the scalar field φ, that is by the term 1 2φ 2 . The physical quantities are derived
Therefore, point A 2 describes a scaling solution. The latter solution is that of an accelerated univsere when |λ| < √ 2. In the case of quintessence scalar field cosmology, points A ± 1 are always unstable, while A 2 is the unique attractor of the dynamical system when |λ| < √ 3. However, for the model of our analysis the stability conditions are different. In order to conclude for the stability of the stationary points we determine the eigenvalues of the linearized dynamical system (19)-(23) around to the stationary points. For the points A ± 1 it follows
from where we conclude that the solutions at points A ± 1 are always unstable, because at least one of the eigenvalues is always positive, i.e. eigenvalue e 1 A ± 1 > 0. For the stationary point A 2 the eigenvalues are derived
that is, point A 2 is always a source. Hence the scaling solution at point A 2 is unstable. However. from the two eigenvalues e 1 (A 2 ) , e 2 (A 2 ) we can infer that in the surface {x, y} of the phase space the stationary point A 2 acts like an attractor for |λ| < √ 3, which however becomes a source for the higher-dimensional phase space. We remark that we determined the stability of the stationary points without using the constant equation and reduce the dynamical system by one-dimension. However, by replacing z 2 = 1 − x 2 − y 2 − u 2 in the (19)-(23) we end with a four-dimensional system, from where we find the same results, that is, points A ± 1 and A 2 are sources.
Family B
For z B = 0 and u B = 0, we found four stationary points which are
which are real and are physically accepted when κ > 0, λ > √
The latter region plots are presented in Fig. 1 . The stationary points have the same physical properties, that is, the points describe universes with same physical properties, where the physical quantities have the following values
From w tot (B) it follows that the points describe scaling solutions and the de Sitter universe is recovered only when λ = 0, which is excluded because for λ = 0, the stationary points are not real. We continue by studying the stability of the stationary points. In Fig. 2 , we present counter plots for the physical parameters w tot (B) , w φ (B) and Ω ψ (B) in the space of variables {λ, κ}.
For the stationary points B ± 1 two of the five eigenvalues are expresses as
from where we observe that e 1 B ± 1 > 0 in order the points to be real, consequently the stationary points B ± 1 are sources.
We use the constraint z 2 = 1 − x 2 − y 2 − u 2 such that to reduce the dynamical system by one-dimension. Thus, for the new four-dimensional system the eigenvalues of the linearized system around points B ± 1 are found
from where we conclude again that the exact scaling solutions at points B ± 1 are unstable. Similarly, the eigenvalues of the linearized system around the points B ± 2 are calculated
Hence, we infer that the stationary points B ± 2 are attractors, and the exact solutions at the points are stable when the free parameters {λ, κ, σ} are constraint as follows 
In Figs. 3 and 4 we plot the regions where the stationary points B ± 2 are attractors and the exact solutions on the stationary points points are stable.
Family C
The stationary points of Family C are two and they have coordinates
Point C 1 is real when |κ| ≤ √ 6 and the physical quantities of the exact solution at the point are
Thus, stationary point C 1 describe a scaling solution. The scaling solution describes an accelerated universe when |κ| < √ 2. Furthermore, the exact solution at the stationary point C 2 describes a de Sitter universe, where the two scalar fields mimic the cosmological constant, the physical quantities are Point C 2 is real and physical accepted when λκ < 0, i.e. {λ < 0, κ > 0} or {λ > 0, κ < 0}.
The linearized four-dimensional system around the stationary point C 1 has the eigenvalues
from where we infer that the exact solution at the stationary point is always unstable. For the stationary point C 2 , we find that one of the eigenvalues of the linearized system around C 2 is zero. That eigenvalue correspond to the linearize equation (23) . As far as concerns the other three eigenvalues we plot numerically their values and we find that they have negative real parts for all the range of parameters {λ, κ} where the point exists. In Fig. 5 we plot the real parts of the three nonzero eigenvalues of the linearized system. Therefore, we infer that the there exists a four-dimensional stable submanifold around the stationary point. However, because of the eigenvalues has zero real part the center manifold theorem (CMT) should be applied.
For simplicity on our calculations we apply the CMT for the five dimensional system. We find that the variables with nonzero real part on their eigenvalues, that is, variables {x, y, z, u}, according to the CMT theorem are approximated as functions of variable µ as follows where {x 00 , y 00 , z 00 , u 00 } = (0, 0, z 00 , 0);
, etc.
Hence, the fifth equation, i.e. equation (19) is written dµ
2κλ+6 u 10 . Therefore, the point is always unstable for a = 0, however from the coefficient term a 1 µ 5 we find that the point can be stable.
Family D
The fourth family of stationary points is consists by the following six stationary points
with
Points D ± 1 describe a scaling solution where the effective fluid it is pressureless, that is, it describes a dust fluid source and the scale factor it is a (t) = a 0 t 2 3 . The physical parameters of the exact solution at points D ± 1 are
Remark that points D ± 1 are real when |κ| > √ 3. The eigenvalues of the four-dimensional linearized system around the stationary points D ± 1 are derived
from where we infer that the stationary points D ± 1 are always unstable. Points D ± 2 are real and physical accepted when
and {κ < 0, σ < 0} as presented in Fig. 6 . The exact solution at the stationary points describe a scaling solution with values of the equation of state parameter w tot (κ, σ) as they presented in Fig. 6 . For the linearized four-dimensional system one of the eigenvalues is
The other three eigenvalues are only functions of κ, σ, that is e 2,3,4 D ± 2 = e 2,3,4 (κ, σ). Numerically, we find that there is not any values of {κ, σ} where the points D ± 2 are defined, such that all the eigenvalues to have real part negative, consequently, the stationary points are always sources and the exact solutions at the stationary points D ± 2 are always unstable.
Stationary points D ± 3 has similar physical properties with points D ± 2 , indeed they describe scaling solutions only. The points are real and physical accepted in the region σ > 1 2 , κ < − 6σ √ 4σ−1−2σ . In Fig. 7 we present the region in the space {σ, κ} where the points are defined as also the counter plot of the equation of state parameter for the effective fluid source which describes the exact solution at the points D ± 3 . In a similar way with points D ± 2 we find that there is not any range in the space {κ, σ} where the points are attractors. Consequently, the stationary points D ± 3 are sources. The main physical results of the stationary points are summarized in Table I . 
Yes
Yes Scaling Yes Sources D ± 3
Yes Scaling Yes Sources Consider now the case where κ = 2 and σ = 1 2 , while λ is an arbitrary constant. For that consideration, the stationary points of the dynamical system (19)-(23) have the following coordinates A ± 1 = (±1, 0, 0, 0, 0) ,
, 0, 0, 0 ,
PointsĀ ± 1 ,Ā 2 are sources and since they do not depend on the parameters κ, σ their physical properties are the same as before. Recall that pointĀ 2 is real for |λ| < √ 6. Stationary points B = B ± 1 ,B ± 2 exist when λ > √ 7 − 1. The physical parameters at the points are simplified as follows
Ω φ (B) = 2 (λ + 5)
The exact solutions at pointsB ± 1 are always unstable. However, for pointsB ± 2 we find that e 2 B ± 2 > 0 for λ > √ 7 − 1 which means that pointsB ± 2 are sources. The parameter for the equation of state w tot (B) is constraint as √ 7−3 √ 7+1 < w tot (B) < 1, while for λ = 2, w tot (B) = 0 the exact solutions have the scale factor a (t) = a 0 t 2 3 , while for λ = 4, w tot (B) = 1 3 , that is a (t) = a 0 t 1 2 . Furthermore, stationary pointC 1 is a source and describes the radiation epoch, w tot C 1 = 1 3 , on the other hand, at pointC 2 the exact solution is that of de Sitter universe, the point is real for λ < 0.Finally, pointsD ± 1 points describe the unstable scaling solutions which describes the matter dominated era, that is, w tot D ± 1 = 0. In Figs. 8 and 9 , the evolution of the physical variables {w tot , w φ , w ψ , Ω φ , Ω ψ } is presented for the specific model for λ = −4 and λ = −2 and for different initial conditions for the integration of the dynamical system (19)- (23) . Recall that the de Sitter pointC 2 is a source; however, it admits a four-dimensional stable manifold when µ → 0.
In the following section we continue our analysis by presenting analytic solutions for the model of our study.
ANALYTIC SOLUTION
We consider the point-like Lagrangian L a,ȧ, φ,φ, ψ,ψ = −3aȧ 2 + 1 2
Analytic solutions of form of Lagrangian (47) were presented before in [50] . By using the results and the analysis of [50] we present an analytic solutions for specific values of the parameters {λ, κ, σ} in order to support the results of the previous section. Specifically for the free variables we select (λ, κ, σ) = − √ 6 2 , − √ 6 2 , 1 2 . These values are not random. In particular, by following [50] for these specific values the field equations admit conservation laws and they form a Liouville integrable dynamical system, such that the field equations can be solved by quadratures.
In order to simplify the field equations and write the analytic solution by using closed-form functions, we apply the point transformation
such that to write Lagrangian (47) as
In the new coordinates the field equations arë
with constraint equation
Easily, we find the exact solution
y (t) = y 1 cos 2U 0 t + y 2 sin 2U 0 t
with constraint condition V 0 x 2 0 − 4 3 x 1 z 1 + U 0 y 2 1 + y 2 2 . For x 0 = z 0 = y 1 = 0, the scale factor is written a (t) = x1 4 V 0 t 4 + x 1 z 1 t 2 − 3 8 (y 2 ) 2 sin √ 2U 0 t 1 3 . It is easy to observe that the present analytic solution does not provide any de Sitter point. That is in agreement with the result of the previous section, since for λ = κ, the de Sitter point C 2 does not exist. For more general solutions with expansion eras and de Sitter phases we refer the reader in [50] .
CONCLUSIONS
We performed a detailed study of the dynamics and of the cosmological evolution in Chiral cosmology with a mixed potential term for the two scalar fields. Specifically, for the potential of the Chiral model we assumed that it is of the form V (φ, ψ) = V 0 e λφ + U 0 ψ 1 σ e κφ . For that consideration and without assuming the existence of additional matter source, we found four families of stationary points which provide nine different cosmological solutions.
Eight of the stationary points describe scaling solutions where the six solutions can describe acceleration phases for specific values of the free parameters {λ, κ, σ}, while one solution describes the scaling solution of stiff matter, and the eighth stationary solution describes a universe dominated by a pressureless fluid source, i.e. dust. Moreover, the ninth exact solution which was found describe a de Sitter universe.
As far as the stability of the exact solutions at the stationary points is concerned, seven of the points are always unstable, while stable can be only the set of the points B ± 2 . Point C 2 which describes the de Sitter universe, has one eigenvalue negative while the rest of the eigenvalues are always negative. Consequently, according to the center manifold theorem we found the internal surface where the point C 2 is a source.
From the above analysis we observe that the specific Chiral cosmological model can describe the major eras of the cosmological history, that is, late expansion era, an unstable matter dominated era, and two scaling solutions describe the radiation dominated era and the early acceleration epoch, therefore, the model in terms of dynamics it is viable.
Let us assume now the presence of an additional pressureless matter source in field equations with energy density ρ m and let us discuss the existence of additional stationary points. For a pressureless fluid source the dimensionless field equations (19)-(24) remain the same, while the constraint equation (27) becomes
